CToxacTudeckas MOAEAb

TO — MOAEAb, TAE YYMUTBIBAIOTCS CAYHAMHBIE OAKTOPBbI.

NPUPOAE HET COBEPLLIEHHO CAYYAMHbIX M COBEPLLIEHHO
ETEPOMMHUPOBAHHbIX NPOLLECCOB. HO €CTb MPOLLECChI, HA
OTOPbIE CAYHAMHbIE JOAKTOPbLI BAUAOT CYLLLECTBEHHO, O
CTb TQKME MPOLLECCHI, TAE BAUAHNE CAYHOMHOCTMU

AbKO MOAOQ, YTO €10 MOXHO NpeHebpEeYb. MeXAy
KPAMHOCTAMM AEXUT MHOXXECTBO MPOLLECCOB, TAE
AMHbBIM JOAKTOP OKA3bIBAET OOAbLLYIO MAM MEHBLLIYIO
b. Y4YUTbIBATb MAU HE YYUTBIBATb CAYYOMHbIM COAKTOP,
30BWICHT OT TOrO, KOKOBA LLEAb MOAEAMNPOBAHMS.




CAyHamHag PyHKUMA X () — DTO PyHKLMS,
e4YeHUe KOTOPOM (T.e. ECAM 3ACPUKCHPOBATS 1),
NPEACTABAIET COOOM OObIMHYIO CAYHAUHYIO

Yy

S OMUHNPOBAHHYIO COYHKLMIO,
SOAIOLLLYIOCH OKOAO 3HOYEHMUS Uy. ECAM ObIA

BEAEHO HECKOABLKO 3SKCIMNMEPLMMEHTOB, TO

CAyvyanHasa coyHkumsa (1)

W)




CAydauHasa cdoyHkuus (2)

CAYH4OMHAA OYHKLMA MOXKET 30BUCETb OT HECKOALKMX NEPEMEHHDIX.
Hanpumep, BpOYyHOBCKOE ABMXKXEHME MOAEKYAbI MOXHO OMUCATH C
MOMOLLLBIO ABYX CAYHAOUHbBIX QOYHKLMK X () 1 Y(T), ONMChbIBAKOLLIMX
MNOAOXEHME YACTMLLEI HO MAOCKOCTH. TOKOM CAY4OMHbIM MPOLLECC
KB OB BEIKIIHE - g‘,—‘
KOM npouecc

Puc. 2

maMenNeHmm t Touka Q



CAydauHas doyHkuums (3)

MHOTOMEPHbIM CAYHOMHbBIM MPOLLECC — KOTAQ CYLLLECTBYET
HOXXECTBO OMUCBLIBAEMbIX CAYHOMHbIM MPOLLECCOM MAPAMETPOB.
Hanpumep, NoAeT pAKETbl XOPAKTEPMIYETCA €€ KOOPAMHATAMM
().Y(1).Z(t)), LeHTPQ MACChI PAKETbI, OObEMOM TOMAMBA,
PUEHTALMEN (YTAOMUM HOKAOHA) U T.A. B 3TOM CAYHQOE

2)) TOYKM, OMUCHIBAKOLLLEM COCTOIHME OOBLEKTA MAM

, B MOMEHTbI BpEMEHU T BYAET NPOUCXOAMTL B
HOFOMEPHOM CDA30BOM MPOCTPAHCTBE.

HbIW MPOLECC, DAYXKAQIOLLIMM MO COCTOSHMUIM (MPOLLECCHI
YeCTBEHHbLIMM COCTOSHMAMM). KOrAQ OOBEKT AU CUCTEMA
bIBAKOTCSH CYETHLIM MHOXKXECTBOM COCTOSIHUM, B OAHOM M3

bIX CUCTEMA MOXKXET HOXOAMTLCSA B MOMEHT BPEMEHM t. TAKOMU
CC OMUCHIBAETCS C MOMOLLIBKO TEOPUM MAPKOBCKUX



npoueccos (1)

[lpoLEeCcC C HEMPEPDLIBHbIMM
COCTOAHUAMM — MPOLLECC, CevYeHme
KOTOPOM B AKODOM MOMEHT T
MNPEACTAOBASET COOOM HEMPEPDLIBHYIO
AYYOAUHYIO BEAUMYMHY (C.B.), T.€.
HO>XXECTBO 3HAYEHMM C.B.

HO.

C C AUCKPETHbIMMU
MAMM — MPOLLECC, CEYEHME
POro B AKKOOM MOMEHT BPEMEHMU
E€ACTOBASET CODOM AMCKPETHYIO
.£. MHOXECTBO 3HAYEHMM C.B.
OHEYHO, AMOO CHYETHO.
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npou.eccos (2)

[TpoLecc C HEMPEPLIBHbIM BPEMEHEM — MPOLLECC, MPU KOTOPOM
OOBEKT MOXKET U3IMEHSITb COCTOSHUE B AIOOOM MOMEHT BRDEMEHM.
[pouecc C AMCKPETHbIMW BDEMEHEM — MPOLLECC, MPU KOTOPOM
OBEKT MOXKET MEHSTb COCTOSIHME B OMPEAEAEHHBIE MOMEHTHI
BpEMEHMU.

OKMM OBPA3OM, BCE CAYYAMHbBIE MPOLECC MOXHO PA3AEAUTL HO

AMNCKPETHBIM COCTOAHUAMMU M HEMPEPDIBHbIM BOEMEHEM
ObIBHbIE MOPKOBCKME MPOLLECCHI).

HEMPEPbIBHbIMM COCTOAHUAMM N AMCKPETHBIM BDEMEHEM.
EenpPepPbIBHbIMU COCTOIHUIMM U HETMPEPLIBHLBIM BODEMEHEM.



NnpPoL.eccoB

AOBOABHO YOCTO B MHXEHEPHbIX 3AACYAX MOAb3YIOTCH TOABKO MX YUCAOBBIMM
XAPOKTEPUCTUKAMM C.B.. MAT. OXXKMAQHME, AMCMEPCUS, KOBAPUALIMS, HOYOAbHbIE U
LLEHTPAAbHbIE MOMEHTbI U T.A. TOK, U AAS CAYHOMHOTO MPOLLECCA MOXXHO BbIAEAUTb
OHAAOT Y1CAOBOM XAPAKTEPUCTUKM C.B., TOABKO TOKMM XAPAKTEPUCTUKAMM OYAYT

DY MEHEMETNIEERTR loxxnaanme m, (1) — a10
(«CPEeAHIT COYHKLIMAY, BOKPYT KOTOPOM

T PA3BPOC peaAmsaLmm X(t).
PyHKLLWA M, () IBAIETCA HECAYHAMHOMN.

e doyHkLMM m,(f) 9BAFETCA MAT.
AHUEM KAXKAOTO CEYEHMI CAYHOAMHOIO

ca X(f): m(f)=M[X(f)] (M[X]=2; x;P; AAS
petHoM C.B. v MIX]=/"_ x f(x) AAS
NOEPbLIBHOU C.B.).

cnepcus D, (t). D, (t)=M[(m,(t)-X(t) )=M[X(t)]
m, (1)]%. Amcnepcus C.n. — 3T0 HECAYHAMHOS
YMHA, AMCNEPCUMM ceveHms c.n. X(1) B 0 r




DOYHKLMN)

P-cxema MOAEAMNPYET CAYHOMHbBIM MPOLLECC

AyHauHbin npouecc X(1) — 310 pyHKUMA, KOTOPAA B AKOOOMU
MOMEHT BPpEMEHU T MPUHMMAET 3HAYEHUS, ABAFIOLLIMECSH
CAYH4OMHOM BEAMYMHOM (B CAYy4Yae P-Cxembl T — AMCKPETHAS
eAn4YnHQ).

eaAn3aums CAYSanMHOro
ca X(t) :

13 BO3MOXKHbIX
EKTOPUM COYHKLMH,
oncbiBaemom X(f).




PUMEPbDbI CAYHAMUHbIX NPOLLECCOB

1. CAY4OMHbI ABTOMAT (HO AYraX 3TOroO ABTOMATA CTOAT
BEPOATHOCTM MNEPEXOAQA M3 OAHOTO COCTOAHMS B APYIOE.
. Hactmua, cosepLUatoLLLaq OPOYHOBCKOE ABMXXEHME,
MEHSET CBOE COCTOSAHME CAYHOMHBIM ODPA30OM.
. OBM B npoLecce 3KCNAYyaTaumnm: MOXET NnpeObIBATH B
COCTOAHUAX: PADOTAET HOPMAOABHO;, MMEET
HAPY>XXEHHYIO HEMCMPOBHOCTb, HEMCMNPABHOCTb
OY>XXEHQA, ULLLETCH €€ MPUYMHA; PEMOHTHUPYETCA.



CToxacTudeckas MOAEAb

eAb MICCAEAOBOHMA CTOXACTMHECKOM MOAEAM —
AXOXKAEHNE XAPAKTEPMUCTUK OOBbEKTO
OAEAMPOBAHMA B CTALMOHAPHOM COCTOAHUM
CTAUMOHAPHbIE BEPOIATHOCTH), T.€. COCTOAHME
ObeKT KOFACI BPEMSA CTDEMMTCA K

CK HG-LLHOC/T»'/I\ (t—0).
ATRYA e




P-cxema MOAEAUPOBAHMUSA
0,8

Oun
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OCHOBOMNMOAOXHMUK TEOPUU CETEM

MapKoBda

A.A. Mapkos (1856 - 1922)
OCTQOBMA TPYAbI B OOAQCTM
Teopum BEPOATHOCTEUN U
CAYYOMHbIX MPOLLECCOB,
MATEMATMHECKOM AHAAUIE U
TEOPUUN YUCEA.

He nytatb ¢ A.A. MAPKOBbIM

MACA

MM (CbIH), CO3AATEAEM



MapKoBCKHUU NpoLu.ecc

A12
OAEAb MPEACTAOBASET < <
O0OU rPAd, TAE Y3AbI 1 2
OO3HAYAIOT COCTOIHME Aoq
OAEAMPYEMOTO y [P
ObEKTA, A AYTU — Azq Aog

CPOATHOCTb NepPexoAd 13
O COCTOAHMA B
oe€.

S, - COCTOgHME OOLEKTA MOAEAMPDOBAHMS
Ai- BEPOSTHOCTb MEPEXOAM M3 I-TO COCTOSHMS B



MapKoOBCKUe npoLu.ecchl

APKOBCKME MPOLLECCHI AEAITCA HO ABA BUAQ:
AMCKpeETHbIE (Leny MApPKOBA), TA€ CUMCTEMA
MEHAET CBOE COCTOSHME B OMNPEAEAEHHbIE TAKTbI

BpemeHu (P-cxemal)

ernpepsbiBHbIE LLEMM MAPKOBQA, TAE€ CUCTEMA
MEHAET CBOE COCTOAHME B I'IDCDI/IBBO/\I:HI:II/I

M%@HT Bﬁ)zet@/\eljm (a- cxe/\h_g 16




CBOMCTBO MAPKOBOCTMU

B N\CIpKOBCKOlZ ceTH BepOFITHOCTb CO6bITM$I 3A0BNCHUT TOABKO OT
TEKYLLLETO COCTOAHNA CETH, T.€E.
P Xn+1=in+1| Xn=in'xn-1=in-1'"" XO=iO)=P(Xn+1=in+1| Xn=in)

-} — NPOCTPAHCTBO COCTOSHMM LLEMM
HOMEP ra




YCAOBHQOS BEPOATHOCTDb

YCAOBHOM HA3bIBAETCS BEPOITHOCTb, YTO MPOM3OMAET KAKOE-
AMBOO CcobbITNE, ECAM UM3BECTHO, 4YTO MPOM3OLLAO AO ITOTO
MPOM3OLLAO APYroe cobbiThe.

YCAOBHQOS BEPOITHOCTb 3AMMUCHIBAETCH B BUAE!

(A |B), rae A — cobbitne, B — cobbiTne, KOTOPOE YXeE
OU30LUAO.

9 BEPOATHOCTb BbIYHMCASETCS MO OOPMYAE:

/B)=P(AB)/ P(B).
(AB) — BEPOATHOCTb TOTO, 4YTO MPOU3OMAYT CPA3Y ABO
1A U1 B.
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npoL.eccos

1. BetBaLLmmca npouecc NaAbTOHO — BaAtcoHAa

T N NPUOOPOB. COCTOAHUS S) — HET MCMPABHbLIX NPMOOPOB, S; —
\) CI'IpCIBHbIl/I npubop...., S, — BCE I‘Ipl/I60pr MCMPABHbI.
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0.8 MaTtpuua
0,3 nepexoAHbIX
© :  sepormmocten (7)
02 0,5 %7 o6 108 0,2
2 0,5 0,5
22 (4)K 03 0.7

4 0.4 0,6

(1,0,0,0) — BEKTOP BEPOATHOCTEM COCTOAHUM
QA3bIBAET BEPOIATHOCTb TOrO, YTO CUCTEMA DYAET
OAUTLCS B i-M CcOCTOsHUM). ©tll — 3TO ceveHme

\V

RIS
\



MaTpuLLa BEPOSATHOCTEU NEpPeExXoAa

08 02

Pl 0505 =
k] 0.3 0,7 =
] 04 06=

YMMA BCEX DIAEMEHTOB B CTOOKE MATPMULLbI
BEPOATHOCTEM PABHIETCS eanHuLe!l!




MUTAULNOHHOE MOAEANPDOBAHUNE

MCKPETHOU ceTn MapkoBa

(N=r(-1*P (*), rA€e N — HOMEP LLIAro
MOAEAMPOOBAHMY.
MOAEAMPOBAHME MPEACTABAIET COOOM
MNOCAEAOBATEABHOCTb BbIYMMCAEHUM MO ADOPMYAE
* (LuAar MOAEAMPOBAHUS). [TOCAE NMPUMMEHEHMS
VYAbl Nepenuiuem 3Ha4yeHmne m3 P' B P (T.e.
M COBEPLLUMM ELLLE OAMH LLAT
AEAMPOBAHMY. BbIMMCAEHUSA MPOOAOAXKAIOTCS

AQ\TEX MOP, NMOKA CPEAHEKBAAPATMYHOE
OHeHue MmeSkAV P P! He OvAaeT MmMAeHRkL L Ie




MapKoBa

OAHOPOAHAOSA LLEenb —

A€ HO KAKAOM LLIATE

NMNOMMEHAETCA OAHO U

TA >XEe TADAULLO

BELOATHOCTEM

epeExXoAd.
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KA>XAOTO LWArd

yeT CBO# C

LLO BEPOIATHOCTEM
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MapKoBa

PA3sAoXMMAS LLenNb — COAEPDXUT
HEBO3BPATHbIE (MOrAOLLLAIOLLIME)
COCTOAHUSA (MHOXECTBA

NMOTAOLLAIOL,
EE COCTOAHUE

RO KM QA IDENIb [+ MSIBAIETCA: ; R
2OXKMT MOTAOLLLAIOLLLMX
OAHNM UAM MOTAOLLLOKOLLLMX e \G>
AMHO>XXECTB Y3AOB. TOKME LLEMNM
OMMEKIBAIOTCA CMABHO CBA3HbIM




[lepuoaAudeckasn uenb MaApKoBda

[MepuoAU4eCKoU Lenblo HA3bIBOETCS TAOKAS LLEMb,
MNOCAEAOBATEABHOCTb CMEHbBI COCTOAHMM KOTOPOM MEHAIOTCH
nepmoAmM4eCKkM. B cAyHae nepmoAn4eCKom LLEMM BCE COCTOAHUM

MMEIOT OAMH U TOT 2KE NMEDUMOA.




dproamydeckas MapKoBCKasa cuctema

AProAM4eCcKoOU HA3bIBOETCA HEPA3ZAOXKMMASI U HELLMKAMYECKAS
APKOBCKAA CcMCTEMA. AAT TAKOM CUCTEMbI MMEETCA BO3IMOXXHOCTb
ONPEAEANTb CTOLMOHAPHBLIE BEPOIATHOCTH (T.€. BEPOITHOCTU
OObITMM MPU BDEMEHM, CTPEMILLMMCH K OECKOHEYHOCTU (MAM
4YUCAE LLIOrOB MOAEAMPOBAHUS, CTRPEMALLIMMCSH K 6eCKOHe‘-IHOCTl/I

SPOATHOCTN STHNX COCTOSAHUM He
MCTEMbI'B HOYOAbHBIML MOMEHT! & Bt 2




npeAeAbHbIX BEPOSTHOCTEN
APKOBCKOU LLEMNU

ECAU LLeMb 9BAAETCH HEPA3ZAOXKMMOU M HEMEPUNOAMHECKOM,
TO AA HEE CYLLLECTBYET NPEAEABHOE PACMPEAEAEHUE
EPOIATHOCTEN NPU N—>0, TAE N — YUCAO LLIATOB

BOHUA. T.€e.

Tj = lim n.(n)

NS

FAE[] — HOMEP COCTOSHMS LLenu MApKOBQA.



(1,0,0,0) — HOYOABHOE COCTOIHME;

ar: P'=(0.8, 0.2, 0, 0); e= 0.1633 (CKO);
. P'=(0.64, 0.26, 0.1, 0); e= 0.1143;

: P'=(0.542, 0.258, 0.13, 0.07); e= 0.0717;
. P'=(0.4726, 0.2654, 0.129, 0.133); &=
3;
r: P'=(0.4168, 0.2804, 0.1327, 0.1701); &=
397,

6\\uar: P'=(0.3732, 0.2916, 0.1402, 0.195); &=

 — 3
L

Q
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=(0.25, 0.25, 0.25, 0.25);
[1( uar: P'=(0.275, 0.275, 0.125, 0.325); &= 0.087;
2

: D’—(O 2575, 0.3225,0.1375, 0.2825); =

‘P'=(0.542, 0.258, 0.13, 0.07): &= 0.072;

- P'=(0.2473, 0.3257, 0.1613, 0.2657): &=

6 qr: P’—(O 2462, 0.3186, 0.1629, 0.2723); e=



4)

0,6
0,4

0,2
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ApKoBQ
AAS HOXOXAEHUSA BEPOATHOCTEN NPeObIBAHUS MAPKOBCKOM LLENU B
onpeAEeAeHHbIX COCTOAHUAX NPU h—w *(dUHAABHbIE BEPOATHOCTH) pEeLUMM
CUCcTeMy YPOABHEHUMN:

(nl = P, +P,ym,+ -+ Pn,m,

{ Wy = Pyymy + Pyymy + -+ Py, (])

BUAE YPOBHEHME (1) OyAET MUMETH BUA.
n=Pl.x. (2)
MOXXHO 3ArMMUCATb B BUAE:
(PT- E).x =0, (3),
AMHMYHAS MOTPULLQ.
BUM K YPOBHEHMAM (3) YCAOBUE HOPMUPOOBKMU:

7T1+7T2+°”+T[n: 1
MEHNM OAHY N3 CTPOK MATPHMUblI HA CTPOKY C HOp/V\VIpOBKOP‘.
EeHMEe CUCTEMbI AMHEMHBIX prIBHeHl/IPI (3) AQET MNMPEAEAbHbIE

N/ >TIL A I‘IV\QRLID/‘II_IIACI I ATOAALIL D MNAIIMNMNMNMAODODADANDLILILIYY OO CCTNANAGOQLUIILIAGONVY

MOTPUYHO



IF'I.'IVF W'l i B RS AV A B VE I W W iEBwwWi W l'lVHV'\'Irv-“II'III e B L A

apkosa (1)

2) g IEAEREI)

f10.8 0,2 ilos
P= ﬁ 0,5 0, PT—Eoz 05 0,4
5 Bl o5
% 0,3 O, 4 0,7 0,6
4) HENHNFEEEEE o lllﬂﬂn
1 kS 0,3 il 0,2 0,3
02 0,5-1 04 =Flo2 -05 0,4
05 -1 3 0,5 -1
07 061 [ 0,7 -0,4



IF'I.'IVF W'l i B RS AV A B VE I W W iEBwwWi W l'lVHV'\'Irv-“II'III e B L A

apkosa (2)
HBIM YEeTBEPTYIO CTPOKY MATPULLBI PT HO € AMHUYHYIO CTPOKY

PewleHue:;
7=(0.24,0.32,0.16,0.28)




IF'I.'IVF W'l i B RS AV A B VE I W W iEBwwWi W l'lVHV'\'Irv-“II'III e B L A

apkosa (2)
HBIM YEeTBEPTYIO CTPOKY MATPULLBI PT HO € AMHUYHYIO CTPOKY

PewleHue:;
7=(0.24,0.32,0.16,0.28)




MapkoBaQ

1 MaTtpuua
0,7 nepexoAHbIX
(1) :  seposTaocTen (P) |
06 0,2 03 02 B
#1 0.6 02 0,2

02 Q . 4 " E0.7 0,3

4 0,8 0,2
‘\}’ (0.25,0.25,0.25,0.25)




PUMEP MOAEAUPOBAHUA NPUBOAMMOU

enn MapkoBda

/( =(0.25,0.25,0.25,0.25) — HOYOABHOE COCTOSHME;
]

2

war: P'=(0.575 0.25 0.05 0.125); e= 0.232 (CKO);
war: P’=(0.76 0.15 0.05 0.04); &= 0.131;

3 war: P'=(0.885 0.062 0.03 0.023); &= 0.09;

4 war: P’=(0.9432 0.0308 0.0124 0.0136): &= 0.04;
5war/P’'=(0.97036 0.01704 0.00616 0.00644); g=

4;

'P'=(0.985 0.0086 0.0034 0.0031):e=0.01;

ar: P'=(0.992 0.00422 0.0017 0.00165); e= 0.005




eToAnKa MOOENnMPOBaHUSA 110 CXEME
MUCKPETHBIX MapKOBCKNX MPOLECCOB

Coopmynnpyem METOAUKY MOAENUPOBaHUA MO CXeMe ONCKPETHbIX MapPKOBCKMX
npoLeccoB (MapKOBCKUX Llenewn):

1/ 3admkcmpoBaTtb nccrieayemoe cBOUCTBO cuctemMol. OnpegeneHme cBoncTea
3aBUCUT OT Uenun nccnegoBaHus. Hanpumep, ecnn ncernenyetcs 00beKT C LENbIO
DITYYEHNS XapaKTEPUCTUK HAOEXKHOCTN, TO B KAYECTBE CBOMUCTBA CneayeT BblopaTth

peKyppeHTHoff’l 3aBMCUMMOCTU UM aHANUTUYECKMM CNOCOOOM onpeaenuTb
OMbl€ BEPOSITHOCTH.

\



nTepaTypa

1. BeHTueAb E.C., OB4yapoB A.A. Teopma CAYHOMHbIX

NPOLLECCOB U €€ MHXEHEPHbIE MPUAOXKEHMI. — Y4eO.

nocobume AASI BTY30B. — 2-€

M3A., CTEeP. — M.: BbicLu. k., 2000. — 383 c:

2. KAenHpok A. Teopma MACCOBOro 0OCAY>XMBAHUS. [ep.
> AHIA. /Hep. M. TAyLLKO; pea. B.M. HEMMAH. — M.

ALUMHOCTpOEHME, 1979. — 432 C.




